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We consider effects of non-uniformity of quasi-spherical small black hole horizons on scattering
massless spineless particles in the long-wave approximation. Focusing on 4D flat and AdS neutral
black hole backgrounds with conformally spherical geometry of the horizon, we observe the no-
table differences in compare to the scattering process on the spherically-symmetric black holes. In
particular, the absorption cross-section becomes dependent on both, polar and azimuthal, spherical
angles, projections of the angular momentum do not keep anymore and the angular momentum
operator by itself, though remains quantised, is not quantised in integers. However, within the
long-wave approximation, the main conclusion of previously obtained results on scattering on the
spherically-symmetric black holes remains the same: the total absorption cross-section is propor-
tional to the area of the black hole. The proportionality coefficient does not depend on the scalar
wave frequency in the flat space black hole background, and is dependent on the admissible from
the unitarity requirement frequencies in the background of AdS black hole. As a by-product of our
studies we establish a quasi-spherical non-static Vaidya-type black hole solutions and outline the re-
lation between real solutions to the elliptic Liouville equation on 2D plane and on two-dimensional
sphere.
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1. Introduction
Physics of black holes attracts a lot of attention since the very beginning. The existing difference
(“establishment” vs “radicals”) in views on a black hole formation, its evolution and the final state
of the process reveals the importance of this object in testing the current paradigm in theoretical
physics. We are faced with a controversial situation, when astrophysical data give more and more
evidence on the existence of supermassive black holes in galaxies nuclei [1], [2], [3], [4] (see
also [5] for a recent review), while recent theoretical studies of the black hole formation give more
(to one degree or another) arguments in favour of another mechanism of forming “black stars”,
compatible with the required unitarity of the process, but predicting a finite (even short enough)
life-time of the black object during the process of their dissolving [6], [7], [8], [9], [10], [11]
(see also [12], [13], [14] in this respect). This apparent mismatch between theory and experiment
motivates further studies of black holes in different viewpoints and directions.
In general, the gravitational collapse is not necessarily restricted to the spherically symmet-
ric consideration. A notable example of a quasi-spherical gravitational collapse was proposed by
Szekeres more than 40 years ago [15], [16]. From the point of view of the astrophysical black holes
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formation this scenario is more realistic in many aspects. Independently on the selected framework,
the black hole, once forming, becomes invisible for an external observer. Therefore the main por-
tion of information on the black hole structure can be obtained indirectly, in particular, in studying
cross-sections of incident particles, scattering on the black hole. Study of scattering on small black
holes with the quasi-spherical geometry of the horizon is the main objective of the paper.
Our consideration is based on the results of our previous paper [17], where we established new
solutions for AdS4 black holes (BHs) with non-uniform horizons. The novelty of the solutions is
determined by a special conformal factor obeying the elliptic Liouville equation, hence called the
Liouville mode. Our solutions are similar to that of [15], [16] in the main respect, viz., abandoning
the strong symmetry group. In fact, one may consider the solutions of [17] as a partial form of
the general Szekeres metric, extended to the black hole solutions to the Einstein equation for AdS
space without matter.
It is quite natural to interpret the Liouville mode [17] as the distribution function of the spa-
tial inhomogeneity on the horizon virtual surface that may be regarded as a hair of the BH (see
Appendix A in the end of the paper and [18] for more details). Accepting scenarios [6], [7], [8],
[9], [10], [11] the (near) horizon quasi-spherical surface becomes the real surface of the location of
the black hole’s forming matter. Then the black hole Liouville hair turns into the real distribution
function of the collapsed matter over the angles. To give more evidence in favour of this claim we
extend our original black hole solutions [17] to the non-static Vaidya-type metric [19], [20], which
solves the Einstein equation with the relativistic dust matter source (see Appendix A).
Because any hair contains a portion of information on the BH, one may wonder what the type
of information could the Liouville mode contain? And how the non-uniformity, prompted by the
spatial inhomogeneity distribution, effects the course of physical processes near the BH horizon?1
If the first of the posed questions admits answering within the BH thermodynamics [18] (that is,
the non-trivial Liouville mode differentiates a stationary black hole state with non-maximal entropy
[17] from the very state of the black hole with the maximum possible amount of “holographic”
information and with the uniform horizon), the second question is still unanswered. It motivates us
to make a step towards filling this gap.
Specifically, we study a feedback of the non-uniformity of the small quasi-spherical BHs hori-
zons on the scattering process of particles in the black hole backgrounds. We consider scatter-
ing of massless scalars on two different types of quasi-spherical black holes: the Schwarzschild
black holes in four-dimensional Minkowski and AdS space-times. Scattering on the flat space
1In the context of the AdS/CFT correspondence similar questions may be addressed to constructing the non-
gravitational side of the duality. For instance, one may wonder how to take into account effects of the space-time
inhomogeneity on the CFT side. (A. N. thanks Stam Nicolis for rising this point.)
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black holes is of potential interest for astrophysics, while solving the same problem in the AdS
case is motivated by numerous applications of the AdS/CFT correspondence in condensed mat-
ter physics. The results previously obtained on scattering scalars on the spherical BHs (see,
e.g., [21], [22], [23], [24], [25], [26], [27], [28], [29] and monograph [30]) sharply indicate es-
sential simplification of the task by choosing the appropriate approximation. Here we take the
long-wave approximation, specified by two relations, ω ≪ TH and ωr+ ≪ 1, between frequencies
of the scalar waves and the Hawking temperature/the Schwarzschild radius of the black holes. Also
we focus on scattering on small black holes. That is, r+ ≪ 1 for Minkowski space and r+ ≪ 1/κ
for AdS4 with the characteristic length 1/κ .
As a result, we observed the following notable differences in the scattering process on the black
holes with the quasi-spherical (conformally spherical in precise2) horizon in compare to the well-
known case of the spherically-symmetric black holes [21] – [30]:
• The presence of the special conformal factor (the Liouville mode) in the BH background met-
ric breaks the spherical symmetry of the Schwarzschild solution. In particular, kϕ = ∂/∂ϕ
is not a Killing vector, hence the projection of the total angular momentum on a selected
axis does not keep anymore. Moreover, the conformally-spherical structure of the solutions
considered here does not preserve the total angular momentum value as well. In effect, we
can not separate the contributions of different partial waves to the absorption cross-section
and the final expression for the cross-section (differential or total) is dependent on two (polar
and azimuthal) spherical angles.
• Except of the monopole number, multipole numbers, being integers for the spherically sym-
metric scattering problem, do not take their values in integers anymore. Their values are
determined by the integral average over the angles from the product of two spherical har-
monics, weighted by the exponent of the Liouville field. Speaking quantum-mechanically,
the total angular momentum spectrum is quantized, but not in integers. This fact prompt us to
consider the partial waves with general positive values of the angular momentum azimuthal
number.
• Frequencies of the scalar perturbations over the AdS black hole background form a discrete
spectrum, which is infinity-degenerated for every value of the multipole number. This is the
direct consequence of unitarity of the approach. The main contribution to the absorption
cross-section comes, within the long-wave and small black holes approximations, from the
2Similarly to the conformally flat metric ds2M2 = e
Φ(x,y)(dx2 + dy2) the part ds2
M 2
= eχ(θ ,ϕ)(dθ 2 + sin2 θdϕ2) of
the whole BH background metric (cf. (2.2)) is called conformally spherical.
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lowest multipole wave. This s-wave contribution to the absorption cross-section consists of
the sum over all acceptable s-wave frequencies, which retain the long-wave and small black
hole approximations.
However, the main conclusion of [21] – [30], which is quite predictable from the quantum scat-
tering theory, does not change: the total absorption cross-section is proportional to the small black
hole area in the long-wave approximation. The proportionality factor does not depend on the scalar
wave frequency in the flat space neutral BH background, and is the sum over the admissible fre-
quencies of the massless scalar perturbations over the AdS Schwarzschild BH background, leaving
intact the approximations we follow here. These results are the content of the main part of the
paper, Sections 2 and 3. The last section contains our summary and discussion of open questions.
For the reader convenience we collect useful information in Appendices. A by-product of our
studies is the extension of a static quasi-spherical BH solution in empty space to the Vaidya-type
non-static black hole in the presence of the null dust matter. We also outline a way of solving the
Liouville equation in spherical coordinates. These two issues are addressed in Appendices A and
B. In Appendix C we assemble some useful properties of the Gaussian hypergeometric function
employed in our computations.
2. Massless scalar field in the quasi-spherical Schwarzschild background: separation of vari-
ables
Let us review scattering of the massless scalar field on a small neutral black hole in the long-
wave approximation. This case has been widely considered in the literature (see e.g. [21], [26], [27],
[30]) for black hole backgrounds with the uniform (spherical-type) horizon. Therefore, specifics of
scattering on BHs with the non-uniform (spherically-deformed) horizon will be easily determined
by the direct comparison of new and old results. Completing this task involves a number of steps
to realisation of which we now turn.
The computation of the absorption cross-section is based on solving the Klein-Gordon (KG)
equation
1√
−g(4) ∂µ
(√
−g(4) gµν∂νΦ
)
= 0 , (2.1)
on a 4D curved background, defined by the metric tensor gµν . We choose the background metric
with the typical structure of a static black hole solution to the flat/curved space Einstein equation:
ds2 =− f (r)dt2+h(r)dr2 +g(r)eχ(θ ,ϕ) (dθ 2 + sin2 θ dϕ2) . (2.2)
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Zero of h−1(r) corresponds to the horizon location in the radial coordinate direction. Once h−1(r)=
0 allows multiple solutions, the true horizon is located at the maximum value r+. Details on the
local geometry of the BH virtual horizon are spread over this simulated surface by means of the
distribution function χ(θ ,ϕ). If we require the correspondence of (2.2) to the dynamical metric
satisfying the Einstein equation the distribution function can not be arbitrary chosen: it obeys the
Liouville equation [17] in the considered case. The explicit form of χ(θ ,ϕ) is not important in the
subsequent discussion.3 Clearly, the trivialisation of the distribution function moves back to the old
results [21], [26], [27].
It is simpler to solve the KG equation by use of the standard factorisation ansatz
Φ(t,r,θ ,ϕ) = e−iωtφω(r)Θ(θ ,ϕ) , (2.3)
that results in splitting equation (2.1) into the radial and the angular parts. Explicitly,
1
g
√ f h∂r(g
√
f h−1 ∂rφω)+ 1f ω
2φω + 1gφω
(
e−χ
△θ ,ϕΘ
Θ
)
= 0 , (2.4)
and the complete separation of variables is achieved by the following requirement for the angular
part of (2.4):
e−χ
△θ ,ϕΘ
Θ =C . (2.5)
Here C is the separation constant and △θ ,ϕ is the angular part of the Laplacian in spherical coordi-
nates:
△θ ,ϕ = 1
sinθ ∂θ (sinθ ∂θ )+
1
sin2 θ
∂ 2ϕ . (2.6)
Once the distribution function of angle variables χ(θ ,ϕ) is chosen to be constant we get the stan-
dard solution to (2.5):
Θ(θ ,ϕ) = ∑
lm
αlmYlm(θ ,ϕ), C =−eχ l(l +1) = const . (2.7)
This choice brings us to the spherically symmetric background back, when the separation constant
solely depends on the spherical harmonic degree l ≥ 0 and does not depend on its order |m| ≤ l. Put
it differently, scattering in the spherically symmetric background depends on the polar angle θ and
does not depend on the azimuthal angle ϕ [32]. Consequently, in addition to the conserved angular
momentum~l, we have another integral of motion lz which makes possible further separating the
angle variables to Θ(θ ,ϕ) = F(θ)M(ϕ).
In general situation with a non-trivial Liouville mode χ(θ ,ϕ) 6= const we expect the depen-
dence of the separation constant on both (l,m) that means the dependence of scattering outcomes
3More details on solutions to the Liouville equation on the sphere are in Appendix B.
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on two angles (θ ,ϕ). Since the spherical harmonics form a complete basis on the sphere we can ex-
pand both χ(θ ,ϕ) and Θ(θ ,ϕ) in Ylm(θ ,ϕ) and make use of the spherical harmonics orthogonality
to get
CL,M =−L(L+1)
[∫
dΩ2 eχYLMY ∗LM
]−1
≡−ν(ν +1). (2.8)
Note that YLM(θ ,ϕ) is the spherical harmonic with fixed integers L≥ 0 and |M| ≤ L. But in general
ν from (2.8) is not an integer, except ν = 0. Now it becomes clear that with the dependence on
the integer value of the spherical harmonic degree L the separation constant CL,M also depends
on the integer value of the spherical harmonic order M. The angular momentum is not conserved
on the background (2.2) (with the non-trivial Liouville mode χ(θ ,ϕ)) and its projection on any
preassigned axis is no longer an integral of motion. Therefore, we can not further factorize the
angle dependence in (2.3). Also we have to keep the contribution of all partial waves, now indexed
by the azimuthal number ν , into the total cross-section, picking out the main contribution in the
end.
With the separation constant (2.8) the radial part of the KG equation (2.4) becomes a Schrödinger-
type equation for the stationary state g1/2(r)φω(r)
[
∂ 2x +ω2−V (x(r))
]
(g1/2φω)(r) = 0 . (2.9)
Writing down (2.4) to the Schrödinger-type equation (2.9) we have introduced the tortoise coordi-
nate (see, e.g., [21], [26], [27] or early papers [33], [34], [31])
dx = dr√ f (r)h−1(r) . (2.10)
Then the explicit form of the “potential” V (x) turns out to be as follows:
V (x(r)) = ν(ν +1)
f
g
+
1
g1/2
∂ 2x
(
g1/2
)
. (2.11)
3. Grey-body factors and absorption cross-sections of small quasi-spherical Schwarzschild
black holes
From now on we identify the background (2.2) with metric of the Schwarzschild black hole in
Minkowski and AdS spaces:
h(r) = f−1(r), g(r) = r2 , (3.1)
f (r) = 1+κ2r2− r+
r
(
1+κ2r2+
)
(κ = 0 Minkowski; κ 6= 0 AdS), (3.2)
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where κ is the inverse characteristic length of the AdS space. In both cases eq. (2.9) turns into
[
∂ 2x +ω2−V (r)
]Qω(r) = 0, Qω(r) =
(
r
r+
)
φω , dx = drf (r) , (3.3)
V (r) =
f (r)∂r f (r)
r
+
f (r)
r2
ν(ν +1) , (3.4)
with the red-shift factors f (r) from (3.2). To compute the grey-body factors of the scattering on the
black hole waves we have to solve the corresponding equations in three space-time regions, usually
referred as the near, the mid and the far zones (see, e.g., [21], [27]), patch solutions to each other
and compute the transmission and reflections coefficients. This is the standard strategy in solving
this task (see, e.g., [27] for details).
We start from the vicinity near the black hole horizon. In the near zone, close to the horizon lo-
cation r+, the effective potential V (r) is negligibly small whatever background we set (Minkowski
or AdS BHs). Eq. (3.3) turns into
[∂ 2x +ω2]Qω(x) = 0 . (3.5)
The solution with the standard in-coming wave boundary condition,
Qω(x) = A1e−iωx (3.6)
gives the total flux near the BH horizon with the area ˆΩ2r2+:
Jhor = ˆΩ2r2+
1
2i
W{Qω ,Q∗ω}= |A1|2ω ˆΩ2r2+ . (3.7)
Here W{φ1,φ2} denotes the Wronskian of two linearly independent solutions φ1,2 and
ˆΩ2 =
∫
dΩ2 eχ(θ ,ϕ) ≡
∫ 2pi
0
dϕ
∫ pi
0
dθ sinθ eχ(θ ,ϕ) (3.8)
is the average of exp of the inhomogeneity distribution function over the angles.
The near zone red-shift factor f (r) is well approximated by
f (r)
∣∣∣
r−r+≪r+
≈ f ′(r)
∣∣∣
r+
(r− r+) (3.9)
so we can easily integrate the tortoise coordinate equation dx = dr/ f (r) near the horizon. In the
considered cases (Minkowski and AdS) the integration results in
x = r+ ln
(
r
r+
−1
)
+ c1 . (3.10)
7
Ultimately, within the considered here long-wave approximation ωr+ ≪ 1, the near-zone solution
to the KG equation (3.6) becomes
Qω(r)≈ A1−A1iω
(
r+ ln
(
r
r+
−1
)
+ c1
)
. (3.11)
Further away from the black hole we arrive at the mid zone, where V (r)≫ ω2. Now the KG
equation (3.3) becomes
[∂ 2x −V (r)]Qω = 0, (3.12)
so the details on the BH background, affecting the shape of V (r), turn out to be important. This is
the reason to consider different backgrounds (with κ = 0 and κ 6= 0) separately.
3.1. The grey-body factor of the flat-space Schwarzschild BH
Computing the effective potential for the flat-space Schwarzschild BH background we arrive at
the following solution to the mid zone equation (3.12):
Qω(r) =C1 r Pν
(
2 r
r+
−1
)
+C2 r Qν
(
2 r
r+
−1
)
, (3.13)
where Pν(z) and Qν(z) are the 1st and the 2nd kind Legendre functions. The near-horizon asymp-
totics of (3.13)
Qω(r → r+) =C1 r++C2 r+Γ(ν +1)
[
−1
2
ln
(
r
r+
−1
)
− γˆ− ψˆ(1+ν)
]
(3.14)
is used to fix the undetermined integration constants C1,2, linking the solutions in different zones.
We choose
C1 = A1/r+, C2 = 2iA1ω Γ(1+ν) , (3.15)
leaving the Euler constant γˆ and the digamma function ψˆ(z) = Γ′(z)/Γ(z) to fix the undetermined
constant c1 in (3.11).
Far away from the BH horizon, at large values of r, we come to the far zone. Here the KG
equation
∂ 2r Qω(r)+ω2Qω(r)−
ν(ν +1)
r2
Qω(r) = 0 (3.16)
is solved with
Qω(r) = b1
√
r
(
J1
2+ν
(rω)+ iJ− 12−ν(rω)
)
+b2
√
r
(
iJ− 12−ν(rω)− J12+ν(rω)
)
. (3.17)
The small r asymptote of (3.17)
Qω(r → 0)≈ i(b1+b2) 2
ν+ 12 ω−ν−
1
2
Γ(12 −ν)
r−ν +(b1−b2) 2
−ν− 12 ω
1
2+ν
Γ(32 +ν)
rν+1 (3.18)
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has to be linked with the large r asymptote of the mid zone solution (3.13) with the integration
constants (3.15):
Qω(r ≫ 1)≈ A1
[
22ν√
pi
Γ(ν + 12)
Γ(ν +1)
(
r
r+
)ν+1
+ i
√
pi
22ν+1
Γ(1+ν)
Γ(ν + 32)
ωr+
(
r
r+
)−ν]
. (3.19)
Comparing (3.18) and (3.19) to each other we get
(b1+b2)=A1
pi
1
2 Γ(1+ν)Γ(12 −ν)
23ν+ 32 Γ(ν + 32)ω−1/2
(ωr+)
ν+1, (b1−b2)=A1
23ν+ 12 Γ(ν + 12)Γ(ν +
3
2)
pi
1
2 Γ(ν +1)ω−1/2
(ωr+)
−ν−1 .
(3.20)
To check the validity of the constructed solution (3.17) with b1,2 from (3.20) let us compute the
total flux of the “wave function” (3.17) over a closed surface of the area ˆΩ2r2:
Jr≫1 = ˆΩ2r2
1
2i
W{Qω ,Q∗ω}= ˆΩ2r2
2
pi
(b1 +b2)(b1−b2)cos(piν) , (3.21)
which on account of (3.20) turns into
Jr≫1 = ˆΩ2r2|A1|2ω . (3.22)
In terms of the true wave function φω = (r+/r)Qω (cf. (3.3)) the total flux at large r,
Jr≫1 = ˆΩ2r2|A1|2ω
(r+
r
)2
= |A1|2ω ˆΩ2r2+ (3.23)
coincides with Jhor (3.7). Hence, the flux is conserved as it is required by unitarity of a quantum
mechanical problem associated with the Schrödinger equation (eq. (3.3) in the case).
Following [27] we introduce
γ(ω) ≃ 4 b1 +b2b1−b2 =
4pi Γ(1+ν)2 Γ(12 −ν)
26ν+2 Γ(ν + 12)Γ(ν +
3
2)
2 (ωr+)
2ν+2 , (3.24)
which is nothing but the grey-body factor for the scalar scattering waves. Clearly, in the long-wave
approximation ωr+ ≪ 1 the most significant contribution to the grey-body factor comes from the
s-wave with ν = 0. For ν = 0 eq. (3.24) coincides with the corresponding expression of [27] (check
eq. (2.40) therein).
3.2. The absorption cross-section
The just obtained grey-body factor enters the absorption cross-section σ = γ(ω)|A |2, the other
factor of which is the square modulus of the scattering amplitude A (θ ,ϕ). Now we turn to the
computation of the scattering amplitude.
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According to the standard Rayleigh expansion of the plane wave with the wave vector~k (say,
along z direction)
eikz = ∑
l
il [4pi(2l+1)]1/2 jl(kr)Yl0(cosθ) . (3.25)
This result is applicable to the spherically symmetric scattering problem, when the dependence of
spherical harmonics Ylm on m is reduced to m = 0 (i.e., the scattering outcome is independent on the
azimuthal angle ϕ). Here we consider the spherically-deformed case, when the results of scattering
depend on both angles, θ and ϕ . So we can not directly apply eq. (3.25) and have to extend the
Rayleigh plane wave expansion to the quasi-spherical case.
Specifically, a monochromatic wave in z direction can be expanded in spherical waves as
eikz = eikr cosθ = ∑
l,m
Alm jl(kr)Ylm . (3.26)
In (3.26) Alm denotes the spherical wave amplitude, jl(kr) is the spherical Bessel function and Ylm
are the spherical harmonics, forming a complete basis in the space of functions on the sphere. Since
we are ultimately interested in the computation of the total cross-section, which is measured in the
far from the black hole region kr → ∞, we can use the spherical Bessel function asymptote
jl(kr) −→kr→∞
1
kr sin
(
kr− lpi
2
)
. (3.27)
Then, picking up the in-coming wave, one gets
eikz ≈∑
l,m
il+1
e−ikr
2kr AlmYlm(θ ,ϕ)
and the orthogonality of the spherical harmonics leads to
Alm = 2i−l−1kr
∫
dΩ2 eikr(1+cos θ )Ylm . (3.28)
The integrand of (3.28) is a fast-oscillating (for kr → ∞) function, hence the main contribution to
(3.28) comes from cosθ ≈−1, i.e. from θ = pi . Therefore, (3.28) turns into
Alm ≈ 2i−l−1kr
∫
dΩ2Ylm(pi ,ϕ)eikr(1+cosθ ). (3.29)
A little inspection of the spherical harmonics table leads to the conclusion on the non-trivial con-
tribution to (3.29) solely from Y00,Y10,Y20,Y30, . . . spherical harmonics. Hence the Rayleigh ex-
pansion (3.25) can be applied even in the more general situation of scattering onto the spherically-
deformed targets.
10
Far from the scattering centre the asymptote of the wave function tends to a plane wave, which
is a superposition of in-coming and out-coming spherical waves. Selecting the in-coming to the
BH horizon wave we get
eikz =
R→∞
e−ikR
R
A (θ ,ϕ) .
On the other hand we may use (3.25) with (3.27), picking out the in-coming spherical wave again.
Thus, far from the scattering core we can equate two different representations of the same plane-
wave,
∑
l
i2l+1
2k [4pi(2l+1)]
1/2 e
−ikr
r
Yl0 =
e−ikR
R
A (θ ,ϕ) ,
to get
A (θ ,ϕ) = ∑
l
i2l+1
2k [4pi(2l+1)]
1/2 R
r
e−ikr+ikRYl0 . (3.30)
In the result, the total absorption cross-section
σ absT =
∫
dΩ2 γ(ω)|A (θ ,ϕ)|2 (3.31)
is equal to
σ absT =
4pi
4k2 ∑l,m (2l+1)γ(ω,ν(l,m))
∫
dΩ2
(
R
r
)2
Yl0Y ∗l0 . (3.32)
In the background geometry (2.2) R2 = eχr2, so we arrive at the following general expression for
the absorption cross-section of the small spherically-deformed Schwarzschild black hole:
σ absT =
4pi
4k2
∞
∑
l=0
l
∑
m=−l
(2l+1)γ(ω,ν(l,m))
∫
dΩ2 eχ(θ ,ϕ)Yl0Y ∗l0 . (3.33)
The main contribution in the long-wave approximation ωr+ ≪ 1 comes from the partial wave
with l = 0 = ν . Taking the grey-body factor (3.24) and the dispersion relation of a massless field
k2 = ω2 we finally get
σ absT = r
2
+
∫
eχ dΩ2 = ABH , l = 0 = ν . (3.34)
Hence we come to the standard result of the quantum scattering theory [32]: the total scattering
cross-section in the low-frequency approximation (s-wave scattering) is always proportional to
the area of the scattering centre (cf. [21], [26] for the absorption cross-section of a spherically
symmetric small black hole).
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3.3. The grey-body factor and the cross-section in AdS space
Let us consider the scattering problem in the curved AdS background defined by (2.2) with the
radial functions from (3.1), (3.2). As we mentioned before, the near zone solution (3.11) is universal
in both (flat and curved) cases; indeed, the AdS and the flat space red-shift factors are almost the
same near the horizon. As before, we are interested in the long-wave approximation, ωr+ ≪ 1,
to the scattering process. However, we have another scale in the case, the AdS inverse length κ ,
relation of which to the BH horizon value r+ will be important in the subsequent calculations.
Recall, the long-wave approximation in thermal field theory is encoded in two relations (see
[21], [30], [26], [27]):
ω ≪ TH , ωr+ ≪ 1 . (3.35)
For the flat Schwarzschild BH background there is not a difference between them, since the Hawk-
ing temperature TH is measured in r−1+ . In the AdS neutral BH background the first inequality of
(3.35) becomes
ωr+
(
1+3κ2r2+
)−1 ≪ 1 . (3.36)
Depending on the relation between the two scales – κ and r+ – one may determine large, with
κ2r2+≫ 1, black holes, and small black holes with κ2r2+≪ 1. The latter case is in the focus of the
paper. Hence, relations (3.35) are also equivalent to each other for the small AdS black holes.
In the near zone r−r+≪ r+ two red-shift factors (3.2) are equal to each other in the long-wave
approximation (3.35). Therefore, eq. (3.5) and its solution (3.6) (or (3.11)) still hold.
Now the mid zone is defined by V (r)≫ω2 and splits into two regions. The first one is restricted
by r+ . r ≪ 1/κ; here the red-shift factor f (r), hence the effective potential V (r), coincides with
that in the flat space. The solution to the KG equation (3.12) in this part of the mid zone is presented
by (3.13). The other region of the mid zone is located at r+ < r, where κ2r2 ∼ 1 holds. The resulted
KG equation (on account of the small AdS BH condition κ2r2+≪ 1)
∂r ( f (r)∂rQω(r))− 1
r
∂r f (r)Qω(r)− ν(ν +1)
r2
Qω(r) = 0, f (r) = 1+κ2r2 , (3.37)
is solved in terms of the hypergeometric functions with
Qω(r) =C1 (κr)1+ν 2F1
[
3+ν
2
,
ν
2
,
3
2
+ν;−κ2r2
]
(3.38)
+C2 (κr)−ν 2F1
[
−1+ν
2
,1− ν
2
,
1
2
−ν;−κ2r2
]
.
The undetermined constants of (3.38) can be fixed by linking this part of the complete solution with
the expression (3.19), taking the r → r+ limit of (3.38) to this end. However, one could skip this
step as we will see shortly.
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In the far zone r ≫ r+, where the contributions of ω2 and V (r) are of the same order, the KG
equation (3.3) becomes
∂r ( f (r)∂rQω(r))+ ω
2
f (r) Qω(r)−
1
r
∂r f (r)Qω(r)− ν(ν +1)
r2
Qω(r) = 0 . (3.39)
The solution to (3.39) with the red-shift factor of (3.37)
Qω(r) =C1
(
1+κ2r2
) ωˆ
2 (κr)1+ν 2F1
[
ν + ωˆ
2
,
3+ν + ωˆ
2
,
3
2
+ν;−κ2r2
]
+C2
(
1+κ2r2
) ωˆ
2 (κr)−ν 2F1
[
−1+ν− ωˆ
2
,
2−ν + ωˆ
2
,
1
2
−ν;−κ2r2
]
(3.40)
coincides with (3.38) in the ωˆ ≡ ω/κ → 0 limit. Therefore, we can fix coefficients C1,2 by linking
the small r asymptotics of (3.40) with (3.19) directly. In the κ2r2 → 0 limit 2F1[a,b,c;0] = 1 for
any non-trivial c, so (3.40) is
Qω =C1 (κr)1+ν +C2 (κr)−ν . (3.41)
To join (3.41) to (3.19) we set
C1 = A1
22ν
pi1/2
Γ(ν + 12)
Γ(ν +1)
(κr+)
−ν−1, C2 = iA1
pi1/2
22ν+1
Γ(ν +1)
Γ(ν + 32)
ωr+ (κr+)
ν . (3.42)
Though we have gathered the solutions to the AdS KG equation in different zones altogether, we
did not succeed yet. The point is to verify the “wave function” flux conservation, which guarantees
unitarity of the approach. Naively, one could say that at the radial infinity the effective potential
(3.4) tends to zero; the KG equation at infinity coincides with that of the near horizon; hence for
the total fluxes we have Jhor = J∞ and unitarity is preserved. However, this line of reasoning does
not take into account effects of the boundary of AdS space. A more delicate analysis is required to
this end.
Thus, we are interested in solutions to the KG equation at κ2r2 → ∞ (this limit defines a “deep
far zone”, located near the boundary of AdS space) and in the near the boundary asymptotics of
(3.40). To find this asymptote we introduce z = −k2r2. Then the combination z/(z− 1) tends to
one in the κ2r2 → ∞ limit, while 1/z → 0. Using results of Appendix C (eqs. (C.5), (C.6)) with
integration constants (3.42) we get
Qω(r) = A1
(
r
r+
)[
22ν−1(ν + 12)Γ(ν +
1
2)
2
Γ(ν +1)Γ(3+ν−ωˆ2 )Γ(
3+ν+ωˆ
2 )
(κr+)
−ν
+
ipi2
22ν+2 cos(piν)(ν + 12)
Γ(ν +1)
Γ(ν + 12)2Γ(
2−ν+ωˆ
2 )Γ(
2−ν−ωˆ
2 )
ωˆ(κr+)
ν+2
13
+i
2cos(pi2 (ν− ωˆ))cos(pi2 (ν + ωˆ))
22ν 3 cos(piν)(ν + 12)
Γ(ν +1) ωˆ(κr+)ν+2
Γ(ν + 12)2
Γ
(
3+ν− ωˆ
2
)
Γ
(
3+ν + ωˆ
2
)
(κr)−3
]
.
(3.43)
Now we have to link the asymptotics (3.43) with solution to (3.39) near the boundary κ2r2→∞.
Following [27] we introduce more convenient for the far zone κr ≫ 1 variable u = ωˆ/(κr)≪ 1 in
terms of which eq. (3.39) in the “deep far zone” (where f (r)≈ κ2r2) looks like[
∂ 2u +
(
1− 2
u2
− ν(ν +1)
ωˆ2
)](φω
u
)
= 0 , (3.44)
and solves with
φω(u) = ˆC1 u3/2H (1)3/2
(
−iu
√
ν(ν +1)
ωˆ2
−1
)
+ ˆC2 u3/2H (2)3/2
(
−iu
√
ν(ν +1)
ωˆ2
−1
)
, (3.45)
where H(1,2)n are the Hankel functions of the 1st and of the 2nd kind. Introducing ω˜ = (1−ν(ν +
1)/ωˆ2) we get the following expansion at u→ 0:
φω =
√
2
pi
[
i
(
ˆC2− ˆC1
) 1
ω˜3/4
+
1
2
i
(
ˆC2− ˆC1
)
ω˜1/4 u2 +
1
3
(
ˆC1 + ˆC2
)
ω˜3/4 u3 + . . .
]
, (3.46)
which has to be compared with (3.43) to fix the undetermined ˆC1,2. Eqs. (3.43) and (3.46) can be
slightly simplified before comparing to each other4, so in the outcome we have
ˆC1− ˆC2 = iA1 ω˜3/4
22ν−3/2pi1/2(ν + 12)Γ(ν +
1
2)
2
Γ(ν +1)Γ(3+ν−ωˆ2 )Γ(
3+ν+ωˆ
2 )
(κr+)
−ν , (3.47)
ˆC1+ ˆC2 = iA1
pi1/2 cos(pi2 (ν− ωˆ))cos(pi2 (ν + ωˆ))
22ν−1/2 cos(piν)(ν + 12) ω˜3/4
Γ(ν +1)Γ
(
3+ν−ωˆ
2
)
Γ
(
3+ν+ωˆ
2
)
Γ(ν + 12)2
ωˆ−2(κr+)ν+2 .
(3.48)
Now let’s compute the total flux on the radial infinity. In the “deep far zone” one can employ
∂x =−ω∂u (∂x is the derivative over the tortoise coordinate x, see (2.10)), hence
J∞ =− ˆΩ2 r2 ω2i W{φω(u),φ
∗
ω(u)} = ˆΩ2 r2
ω
pi
(
( ˆC1− ˆC2)( ˆC∗1 + ˆC∗2)+h.c.
)
u2 , (3.49)
where we have used the solution (3.46) and have neglected the subleading contribution to J∞. On
account of (3.47), (3.48) and u = ωˆ/(κr)
J∞ = |A1|2 ˆΩ2 ωr2+
cos(pi2 (ν + ωˆ))cos(
pi
2 (ν− ωˆ))
cos(piν)
=
cos(pi2 (ν + ωˆ))cos(
pi
2 (ν− ωˆ))
cos(piν)
Jhor . (3.50)
4The second term of (3.43) can be skipped within the small black hole approximation (κr+)2 ≪ 1 (the smallest
constant term of (3.43) in φω(r) variables). In (3.46) one may omit the term ∼ u2 (cf. eq. (4.7) in [27]) due to its
subleading (∼ u4) contribution to the asymptotic flux at the boundary [27].
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As a result, the flux conservation, which is equivalent to keeping unitarity within the approach,
requires the following restriction on the frequencies spectrum:
cos(pi2 (ν + ωˆ))cos(
pi
2 (ν− ωˆ))
cos(piν)
= 1 ❀ cos(piωˆ)
cos(piν)
= 1 . (3.51)
Therefore, we arrive at the following admissible spectrum of frequencies for the massless scalar
modes in the Schwarzschild AdS BH background:
ωˆ = ν +2n, n ∈ Z . (3.52)
We specially note that the frequencies ωˆ are restricted to ωˆ > 0 and ωˆ ∈ R.
To compute the grey-body factor and the total absorption cross-section we introduce (see [27]
for details)
z(ωˆ) =
ˆC1− ˆC2
ˆC1 + ˆC2
, (3.53)
in terms of which the grey-body factor γ(ωˆ) looks like5
γ(ωˆ) = 1−
∣∣∣∣1− z1+ z
∣∣∣∣
2
=
2(z+ z¯)
1+ z+ z¯+ |z|2 . (3.54)
With ˆC1,2 of (3.47), (3.48)
z(ωˆ,ν) = 24ν−2
(ν + 12)
2 Γ(ν + 12)
4
Γ(ν +1)2Γ(3+ν−ωˆ2 )2Γ(
3+ν+ωˆ
2 )
2
(
1− ν(ν +1)
ωˆ2
)3/2
ωˆ2 (κr+)
−2ν−2 . (3.55)
For ν 6= 0 the grey-body factor (3.54) is equal to zero for the pure image values of z(ωˆ,ν) as
well as for the trivial z(ωˆ,ν). It happens for ωˆ2 ≤ ν(ν +1), ν 6= 0, or taking (3.52), for
ν ≤ 4n
2
1−4n , n ∈ Z, n 6= 0 . (3.56)
With n > 0 this inequality is not realised (the positivity of ν follows from its definition (2.8)), hence
the grey-body factor is non-trivial for the positive values of n. However, possible values of n are
bounded from above by the maximal value nmax for which (ν +2nmax)κr+≪ 1 still holds.
For a negative n possible values of ν and n are restricted within the long-wave and the small
black hole approximations:
ωr+ = (ν−2|n|)(κr+)≪ 1, n < 0, n ∈ Z . (3.57)
5The flat space-time grey-body factor (3.24) was computed exactly in the same way: eq. (3.54) results in (3.24)
with z = (b1− b2)/(b1 + b2) and b1,2 from (3.20).
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At a first glance this restriction still leaves a wide range of the admissible values of ν and n
ν <
4n2
1+4|n| , n < 0, n ∈ Z (3.58)
which leads to the non-trivial grey-body factor. However, the positivity of ωˆ also requires ν −
2|n|> 0, hence
2|n|< ν < 4n
2
1+4|n| . (3.59)
But in its turn the inequality (3.59) results in
2|n|+8n2 < 4n2 , (3.60)
which can not be satisfied for arbitrary negative integer n.
The grey-body factor (3.54) of the permitted higher multipole waves is easy to compute by use
of (3.55) and the spectrum of the absorbed waves ωˆ = ν +2n, n ∈ Z+, n < nmax. It leads to
γ(ν,n)≃ (ν +2n)
24ν−4(4n2 +ν(4n−1))3/2
Γ(1+ν)2Γ(32 −n)2Γ(32 +ν +n)2
(ν + 12)
2Γ(ν + 12)4
(κr+)
2ν+2 . (3.61)
Clearly, the small black hole approximation results in the subleading contributions of the higher
multipole waves (with ν 6= 0) to the absorption cross-section.
For the s-wave scattering the coming from (3.55) expression for z(ωˆ,0)
z(ωˆ,0) = pi
22
Γ(32)
2
Γ(3+ωˆ2 )2Γ(
3−ωˆ
2 )
2
ωˆ2
(κr+)2
(3.62)
coincides with the corresponding expression in [27] (cf. eq. (4.38) therein). Small enough values
of ωˆ keep unitarity with a continuous spectrum of values (see eq. (3.51)). The critical frequencies
of the spectrum [27] correspond to γ(ωˆc) = 0 and γ(ωˆc) = 1.6
The complete s-waves reflection (γ(ωˆc) = 0) would be occurred at ωˆc = 2m+ 3, m ∈ Z, m ≥
−1.7 But these values of the critical frequencies violate the unitarity requirement ωˆ ≪ 1. Other
critical frequencies correspond to the s-wave transparency of the BH potential (complete transmis-
sion); it occurs for z(ωˆc,0) = 1, hence [27] for
ωˆc = κr+ . (3.63)
6It follows from (3.54) for (3.62) that the grey-body factor
γ(ω)≈ 4 (ωr+)
2
(ωˆ2 +(κr+)2)2
takes just two values within the considered approximations: zero (for all non-critical ωˆ) and one.
7In the absence of any restriction on ωˆ these critical frequencies correspond to the AdS4 normal modes (see,
e.g., [35], [36], [37], [38], [39]).
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Note that the critical frequency value (3.63) satisfies both the long-wave and the small black hole
approximations.
If we relax the requirement of small frequencies ωˆ (indeed, within the taken here approxima-
tions large enough values of ωˆ are still possible), the unitarity requirement (3.51) picks out (cf.
(3.52))
ωˆ = 2n ❀ ω = 2nκ , n ∈ Z, n > 0 . (3.64)
We have
z(ωˆ) =
ωˆ2
(κr+)2
1
(4n2−1)2 ≡
4n2
(κr+)2(4n2−1)2 , n = 1,2, . . . (3.65)
and
γ(ωˆ) = 4 4n
2
(4n2−1)2
1/(κr+)2(
1+ 4n2
(κr+)2(4n2−1)2
)2 . (3.66)
Equations (3.65), (3.66) present the exact results of substitution of (3.47), (3.48) with ν = 0 in
(3.53), then in (3.54). In the small black hole approximation (κr+)2 ≪ 1 the expression for the
grey-body factor (3.66) simplifies to
γ(ωˆ = 2n)≈ 4(κr+)2
(
2n− 1
2n
)2
, n = 1,2,3, . . . (3.67)
The absorption cross-section for the massless scalar s-waves (see (3.33)) becomes
σ
(n)
s = 4
(
2n− 1
2n
)2
(κr+)
2 1
4ω2
∣∣∣
ω=2nκ
∫
eχ dΩ2 = α ABH . (3.68)
α =
(
1− 1
(2n)2
)2
, n = 1,2, . . .
Every admissible frequency of the spectrum makes the independent contribution into the total ab-
sorption cross-section, hence
σ absT =
nmax∑
n=1
σ
(n)
s = ABH
nmax∑
n=1
(
1− 1
(2n)2
)2
, (3.69)
where we have bounded the sum from above by some maximal value ωmax = 2κnmax of the s-wave
frequency for which ωmax r+≪ 1 still holds. Then, the total absorption cross-section becomes
σ absT = (nmax−
1
2
Hnmax,2)ABH ≈ nmax ABH . (3.70)
Here Hnmax,2 is the second order harmonic number of nmax (which is small enough for a large enough
value of nmax).
Therefore, we come to the following conclusions:
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• The higher multipole waves of the massless scalar perturbations over the small AdS4 neutral
black hole backrgound give the subleading contribution to the absorption cross-section, hence
we can consider them as completely reflected by the BH. The same effect occurs for the
scattering waves of non-critical frequencies ωˆ ≪ 1.
• The massless scalar s-wave with the critical small frequency ωˆc = κr+ is completely ab-
sorbed by the small AdS4 neutral black hole. Other s-wave critical frequencies corresponding
to the AdS normal modes are rejected by the unitarity requirement.
• For non-small values of ωˆ the requirement of unitarity in the scattering process singles out
the admissible massless scalar s-wave frequencies, correlated with the AdS inverse length as
ω = 2nκ , 1≤ n≤ nmax. This spectrum of frequencies is bounded from above with ωmax r+≪
1. Then the total absorption cross-section is equal to the BH area up to some factor, counting
the total number of different allowable frequencies of the spectrum which contribute to the
cross-section.
4. Summary and open questions
To summarise, we have studied the scattering problem of the massless scalar perturbation over
the neutral static black hole backgrounds with a non-uniformity on the horizons. These back-
grounds correspond either to an intermediate state of black holes with a non-maximal amount of
entropy/information (see [17], [18]) before the black hole reduction to the maximum entropy state
with the uniform horizon, or to the BH formation in the gravitational collapse with a non-spherically
distributed matter (see [15], [16] and Appendix A below). The non-uniformity measure, differenti-
ating the quasi-spherical (conformally spherical in the case) geometry of the horizon from the pure
spherical one, is the conformal factor depending on two (polar and azimuthal) angles on the sphere.
In the presence of such a deformation we loose the total angular momentum projection conservation
law, and the conformally spherical structure of the considered solutions does not support the total
angular momentum conservation as well. It in particular means that the partial waves with differ-
ent angular momentum azimuthal numbers can not be considered independently of each other. As
we have established, their multipole numbers are not positive integers in the conformally-spherical
case and turn into the familiar l = 1,2,3, . . . upon trivialisation of the inhomogeneity distribution
function. Put it differently, the quantum-mechanical angular momentum operator is still quantized,
but generally not in integers. To find the explicit value of the multipole numbers one has to know
the real solutions to the elliptic Liouville equation for the distribution function over the spherical
angles. We present the solution to this problem in Appendix B.
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The working approximations used in the paper are the long-wave approximation and the small
black hole approximation. Applying these approximations essentially simplifies the task, and we
found the standard and quite predictable result of the quantum scattering theory: the main contribu-
tion into the total absorption cross-section comes from the monopole (multipole with zero number)
or s-wave, and the total cross-section is proportional to the area of the scattering centre. The pro-
portionality coefficient does not depend on the s-wave frequency in the Schwarzschild black hole
background, but it depends on the frequencies of s-waves for the AdS4 Schwarzschild black hole.
This difference in the scattering process in flat and curved backgrounds is directly related to the
spectrum of the scalar waves frequencies, which is continuous and non-degenerate in flat space, but
discrete and infinitely-degenerate in AdS space. As a result, we have to sum over the acceptable
in the long-wave approximation s-wave frequencies in AdS space instead of taking into account a
single frequency s-wave contribution to the flat space total absorption cross-section. Clearly, turn-
ing back to the trivial Liouville mode, we recover the results of scattering spinless s-waves on the
spherically symmetric black hole. And vice versa, setting the red-shift factors of the BH solution
to one will result in scattering spinless s-waves on the spherically-deformed scattering centre in the
“soft-wall” approximation, when a part of the incident radiation is absorbed by the target.8 From
this point view our computational scheme can be potentially applied to different areas of modern
physics, from nuclear physics to biophysics (cf., for instance, [42], [43], [44], [45], [46]).
Though we have established peculiarities in the scattering process of the massless scalar modes
on small black holes with the non-uniform (quasi-spherical) horizons, the difference in scattering
on small black holes with the pure spherical geometry of the horizon and that on the conformally
spherical horizon has to be more pronounced with considering the spin waves. Another interesting
problem for further studies is related to the non-conservation of the total angular momentum in the
conformally-spherical background that may be a source of chaotisation of the scattering particles
trajectories. We postpone these and other related topics to future publications.
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Appendix A. Quasi-spherical non-static black hole solutions and the Liouville hair
In this Appendix we extend the original solutions of [17] to the non-stationary Vaidya-type
metric and give more evidence for handling the Liouville mode as a black hole hair.
Let’s start with the following generalisation of the Schwarzschild metric to a quasi-spherical
black hole:
ds˜2 =− f (r)dt2+ dr
2
f (r) +g(r)e
χ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2), (A.1)
f (r) = 1− r+
r
, g(r) = r2, △θ ,ϕ χ(θ ,ϕ)+2eχ(θ ,ϕ)−2 = 0 . (A.2)
One may verify that eqs. (A.1), (A.2) solve the Einstein equation for the empty space, Gµν = 0.
The Liouville field χ(θ ,ϕ), obeying the elliptic Liouville equation in spherical coordinates (cf.
(2.6))
△θ ,ϕ χ(θ ,ϕ)+2eχ(θ ,ϕ)−2 = 0 , (A.3)
carries geometric, rather than dynamical, information on the local isothermal coordinates on a
curved horizon “surface”. Indeed, instead of the line element (A.1) we could start from the metric
ds˜2 =− f (r)dt2+ dr
2
f (r) + r
2eχ(x,y)(dx2 +dy2) . (A.4)
Then, solving for the empty space Einstein equation, we recover the Schwarzschild solution with
the standard red-shift factor f (r) = 1− r+/r, but with the more familiar Liouville equation
(∂ 2x +∂ 2y )χ +2eχ = 0 , (A.5)
indicating the positive curvature of a two-dimensional manifold. Clearly, the isothermal coordinates
net, determined by the Liouville field χ(x,y), can not be “flatten” in the plane coordinates; the
trivialisation of χ(x,y) leads to the apparent contradiction. However, one can always “flatten”
(setting χ = 0) the Liouville equation in spherical coordinates (cf. (A.3)), that results in turning
from the quasi-spherical to the pure spherical geometry of the horizon. We conclude that the
Liouville mode χ(θ ,ϕ) is an internal geometric characteristic of the horizon, differentiating local
regions of this virtual surface from one another. This is a feature associated to the BH hair.
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Now let’s turn to the Eddington-Finkelstein coordinates u and v, in terms of which the quasi-
spherical Vaidya-type BH solution (cf. (A.1), (A.2)) looks as follows:
ds2in =−
(
1− a(v)
r
)
dv2 +2dvdr+ r2eχ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2) , (A.6)
ds2out =−
(
1− a(u)
r
)
du2−2dudr+ r2eχ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2) , (A.7)
where the ingoing (advanced) null coordinate v is defined by
v = t + x, dx = drf (r) ≡
dr
1− r+
r
, (A.8)
while the outgoing (retarded) null coordinate u is
u = t− x, dx = drf (r) ≡
dr
1− r+
r
. (A.9)
Both metrics (A.6), (A.7) are solutions to the Einstein equation with matter, Gµν = Tµν , where the
energy-momentum tensor is that of the null dust
T (in)µν = δ vµδ vν
a′(v)
r2
, T (out)µν =−δ uµ δ uν
a′(u)
r2
. (A.10)
The positivity of the energy-momentum tensor (the null energy condition, NEC) requires a′(v) ≡
da/dv > 0 and a′(u) ≡ da/du < 0. Hence, the ingoing solution describes the process of gravita-
tional collapse, the outgoing solution describes the emission of radiation. In any case, the integral
energy density inside a surface of a constant r is equal (say, for the ingoing solution) to
M(v) =
∫
θ ,ϕ
dΩ2 eχ
∫
v
dvr2 a
′(v)
r2
= a(v)
∫
θ ,ϕ
dΩ2 eχ . (A.11)
Clearly, the total effective “mass” of falling into the black hole dust matter depends on the angle
integral. Formally, it may be viewed as a result of integration of the local energy distribution over
the surface of constant r
M(v) =
∫
r=const
dS(v,θ ,ϕ)ρ(v,r,θ ,ϕ) , ρ = a
′(v)
r2
eχ(θ ,ϕ) , (A.12)
where exp of the Liouville field plays a role of the local energy distribution over the angles.
It is easy to extend the solutions (A.6), (A.7) to AdS4. Here we have
ds2in =−
(
1− a(v)
r
+κ2r2
)
dv2 +2dvdr+ r2eχ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2) , (A.13)
ds2out =−
(
1− a(u)
r
+κ2r2
)
du2−2dudr+ r2eχ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2) , (A.14)
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where the ingoing and outgoing null coordinates are defined as in (A.8), (A.9) but with dx =
dr/ f (r) for f (r) = 1− (1+κ2r2+)r+/r+κ2r2. The line elements (A.13), (A.14) solve the AdS4
with the null dust matter Gµν −3κ2gµν = Tµν . The energy-momentum tensors of the ingoing and
outgoing solutions are that in (A.10). As in the flat case the exp of the Liouville field is the energy
surface density distribution over the spherical angles.
The quasi-spherical Vaidya-type Minkowski/AdS BH solutions may be straightforwardly ex-
tended to the Bonnor-Vaidya-type black holes [47]. The electrically charged quasi-spherical BH
solution of the Einstein-Maxwell equations of motion
Gµν −3κ2gµν −2
(
Fµλ Fλ ν −
1
4
gµν Fρσ Fρσ
)
= Tµν (κ = 0 Minkowski; κ 6= 0 AdS), (A.15)
∇µFµν = Jν , (A.16)
corresponds to
ds2in =−
(
1− a(v)
r
+
q(v)2
r2
)
dv2 +2dvdr+ r2eχ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2) , (A.17)
ds2out =−
(
1− a(u)
r
+
q(u)2
r2
)
du2−2dudr+ r2eχ(θ ,ϕ)(dθ 2 + sin2 θ dϕ2) , (A.18)
and
A(in)µ =
(
q(v)
r
,0,0,0
)
, A(out)µ =
(
q(u)
r
,0,0,0
)
. (A.19)
in terms of the ingoing/outgoing null coordinates v/u. The stress-energy tensor Tµν and the current
Jµ are that of the electrically charged collapsing/radiating null dust:
T (in)µν = δ vµ δ vν
(
a′(v)
r2
− 2q(v)q
′(v)
r3
)
, T (out)µν =−δ vµ δ vν
(
a′(u)
r2
− 2q(u)q
′(u)
r3
)
, (A.20)
J(in)µ = δ vµ
q′(v)
r2
, J(out)µ =−δ uµ
q′(u)
r2
. (A.21)
The NEC requires ra′(v)> 2q(v)q′(v) or ra′(u)< 2q(u)q′(u).
The total energy density inside a “sphere" of the constant radius r (e.g., for the ingoing solution)
is equal to
M(v) =
∫
θ ,ϕ
dΩ2 eχ
∫
v
dvr2 ra
′(v)− (q(v)2)′
r3
=
(
a(v)− q(v)
2
r
)∫
θ ,ϕ
dΩ2 eχ , (A.22)
while for the charge distribution we have
Q(v) = 1
4pi
∫
F0idSi =
1
4pi
∫
θ ,ϕ
dΩ2 eχ r2
q(v)
r2
= q(v)
1
4pi
∫
θ ,ϕ
dΩ2eχ . (A.23)
Again, the Liouville field is responsible for the distribution both mass and charge over the angles.
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Appendix B. Solutions to the Liouville equation in spherical coordinates
The Schwarzschild black hole solutions (2.2) with (3.1) and (3.2) obey the Einstein equations in
flat and AdS4 space-times if the inhomogeneity distribution function χ(θ ,ϕ) satisfies the Liouville
equation
△θ ,ϕ χ(θ ,ϕ)+2eχ(θ ,ϕ)−2 = 0 , (B.1)
with the angular part of the 4D Laplacian (2.6). In this Appendix we will establish the connection
of real solutions to (B.1) with the previously known real solutions to the Liouville equation [40].
Our task is essentially simplified with introducing the complex coordinates on the stereographic
projection plane (see [41], Section 1.2)
z = eiϕ tan(θ/2) , z¯ = e−iϕ tan(θ/2) . (B.2)
The two-sphere metric ds2 = dθ 2 + sin2 θdϕ2 turns into
ds2 = 4 dzdz¯
(1+ zz¯)2
, (B.3)
that is a particular case (n = 1) of the Fubini-Study metric for CPn complex projective space. Then
the original Liouville equation (B.1) becomes
△z,z¯χ(z, z¯)+2eχ(z,z¯)−2 = 0 , (B.4)
where the angular part of the 4D Laplacian is
△z,z¯ = (1+ |z|2)2∂z∂z¯ . (B.5)
Indeed, by use of (B.2), △z,z¯ = 4△θ ,ϕ .
To solve the Liouville equation (B.4) first consider an auxiliary 4D metric
ds2 =− f (r)dt2+ dr
2
f (r) +4r
2eχ(z,z¯) dzdz¯ , (B.6)
which is a solution to the flat/AdS4 space Einstein equations with the red-shift factor (3.2) and with
the distributions function χ(z, z¯) satisfying the auxiliary equation
∂z∂z¯ χ(z, z¯)+2eχ(z,z¯) = 0 . (B.7)
Equation (B.7) is the elliptic Liouville equation in (z, z¯) coordinates the real solutions to which are
well known (see, e.g., [40]). For example,
χ(z, z¯) =−2ln[ f (z) ¯f (z¯)+1]+ ln[ f ′(z) ¯f ′(z¯)] (B.8)
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with arbitrary complex analytic function f (z) solves (B.7).
Now we restore the full dependence on z, z¯ in the black hole background metric
ds2 =− f (r)dt2+ dr
2
f (r) +4r
2eξ (z,z¯) dzdz¯
(1+ zz¯)2
. (B.9)
With f (r) of (3.2) ξ (z, z¯) obeys
△z,z¯ ξ (z, z¯)+2eξ (z,z¯)−2 = 0 . (B.10)
It is easy to check, ξ (z, z¯) relates to χ(z, z¯) via
ξ (z, z¯) = χ(z, z¯)+ ln(1+ zz¯)2 . (B.11)
Hence, the solution to (B.10) has found. With the established (B.11) it is a technical point to get
from (z, z¯) to the original angular coordinates back.
Appendix C. Useful relations for the Gaussian hypergeometric function
The Gaussian hypergeometric function 2F1[a,b,c;z] is defined by the following series
2F1[a,b,c;z] = 1+
a ·b
1 · c z+
a(a+1)b(b+1)
1 ·2 · c(c+1) z
2 +
a(a+1)(a+2)b(b+1)(b+2)
1 ·2 ·3 · c(c+1)(c+2) z
3 + . . . (C.1)
From this definition it is clear that 2F1[a,b,c;0] = 1 for c 6= 0. Note also
2F1 [a,b,c;1] =
Γ(c)Γ(c−a−b)
Γ(c−a)Γ(c−b) , Re(c−a−b)> 0 . (C.2)
We use the following (see, e.g., [48], [49]) relations between hypergeometric functions:
F[a,b,c;z] = (1− z)−a F[a,c−b,c; z
z−1 ] = (1− z)
−b F[c−a,b,c; z
z−1 ], (C.3)
F = 2F1[a,b,c;z]
Γ(c)
, |arg(1− z)|< pi ;
and
sin(pi(b−a))
pi
F[a,b,c;z] = (−z)
−a
Γ(b)Γ(c−a) F[a,a− c+1,a−b+1;
1
z
]
− (−z)
−b
Γ(a)Γ(c−b) F[b,b− c+1,b−a+1;
1
z
] , |arg(−z)|< pi . (C.4)
So, according to (C.3)
2F1
[
ν + ωˆ
2
,
3+ν + ωˆ
2
,
3
2
+ν;−κ2r2
]
= (1+κ2r2)−
ν+ωˆ
2 2F1
[
ν + ωˆ
2
,
ν− ωˆ
2
,
3
2
+ν;
κ2r2
1+κ2r2
]
(C.5)
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and (see (C.4))
2F1
[
−1+ν− ωˆ
2
,
2−ν + ωˆ
2
,
1
2
−ν;−κ2r2
]
=
pi1/2
2
Γ(12 −ν)
Γ(2−ν+ωˆ2 )Γ(
2−ν−ωˆ
2 )
(κ2r2)
1+ν−ωˆ
2 ×
× 2F1
[
−1+ν− ωˆ
2
,
ν + ωˆ
2
,−1
2
;− 1
κ2r2
]
(C.6)
+
4
3pi3/2
cos
(pi
2
(ν− ωˆ)
)
cos
(pi
2
(ν + ωˆ)
)
Γ
(
1
2
−ν
)
Γ
(
3+ν− ωˆ
2
)
Γ
(
3+ν + ωˆ
2
)
(κ2r2)−
2−ν+ωˆ
2 ×
×2F1
[
2−ν + ωˆ
2
,
3+ν + ωˆ
2
,
5
2
;− 1
κ2r2
]
.
Expressions (C.5), (C.6) are used in deriving eq. (3.43) in the main body of the paper.
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